Fully relativistic approach to evaluate the correlation effects in highly charged ions is presented. The interelectronic-interaction contributions of first and second orders in 1/Z are treated rigorously within the framework of bound-state quantum electrodynamics, whereas the calculations of the third-and higherorder contributions are based on the Dirac-Coulomb-Breit Hamiltonian. The developed approach allows one to deal with single as well as degenerate or quasi-degenerate states. We apply this approach to the calculations of the correlation contributions to the n = 1 and n = 2 energy levels in heliumlike ions.
I. INTRODUCTION
Heavy highly charged ions provide a unique opportunity for testing bound-state quantum electrodynamics (QED) in the strong-field regime. Nowadays, the accuracy of the Lamb shift measurements in H-like uranium has achieved a level of few percent of the total QED contribution [1, 2] .
Even better precision is obtained in experiments aiming to probe the QED effects in Li-like uranium [3] [4] [5] [6] [7] . In order to meet the constantly improving accuracy in existing [8] [9] [10] [11] [12] [13] [14] [15] [16] and planned [17] [18] [19] [20] [21] experiments with highly charged ions, a number of rigorous QED calculations have been performed (see, e.g., Refs. [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] and references therein). Whenever possible, theoretical predictions have been compared with the results of high-precision measurements, and good agreement has been found.
Heliumlike ions play a special role among other highly charged ions. Possessing only two bound electrons, they represent the simplest system where the many-electron QED effects can be studied.
The calculations of the ground and n = 2 singly excited energy levels in He-like ions performed in Ref. [32] more than ten years ago are considered as a benchmark theoretical treatment of these effects in two-electron systems. In Ref. [32] , all two-electron QED corrections up to the second order of the perturbation theory were evaluated within the rigorous QED approach without an expansion in the parameter αZ (α is the fine structure constant, Z is the nuclear charge number).
A review of the previous relativistic calculations of heliumlike ions and a comparison with the experimental data available at that time can be found in Ref. [32] . Later, drawing on the x-ray transition measurements in He-like titanium and statistical treatment of the previous experimental data, Chantler et al. [33, 34] claimed that a divergence between the experimental results and the theory from Ref. [32] growing as Z 3 takes place. New measurements of the transition energies in middle-Z heliumlike ions have been undertaken [35] [36] [37] [38] [39] [40] , and the obtained results fall outside the Z 3 -trend predicted in Refs. [33, 34] . Moreover, new statistical studies [38, 40, 41] , which include the extended sets of experimental data, have shown that there is no evidence for the aforementioned Zdependent deviation. Finally, in our recent study [42] we have performed completely independent ab initio calculations of the x-ray transitions in heliumlike argon, titanium, iron, copper, and krypton. We found no possible explanation from the theoretical side for the significant discrepancy between the theory and measurements with heliumlike Ti 20+ performed in Ref. [33] . On the other hand, our results were found to be generally in agreement with the most recent high-precision experimental values.
In the present study, we are focused on the description of the method used in Ref. [42] in order to evaluate the contribution of the correlation effects to the binding energies of He-like ions. Study of the correlation effects in heliumlike ions has a long history. There are many relativistic electronicstructure calculations performed within the lowest-order relativistic (Breit) approximation using the Dirac-Coulomb-Breit Hamiltonian [43] [44] [45] [46] [47] [48] [49] [50] . The most advanced QED treatment of the correlation effects includes the two-photon exchange contribution [32, [51] [52] [53] [54] [55] [56] [57] . In the present work, the numerical approach employed in Ref. [32] has been revised thoroughly, and the introduced modifications are discussed below. We perform the rigorous evaluation of the correlation effects for n = 1 and n = 2 energy levels in several heliumlike ions. The contributions of the first and second orders in 1/Z are taken into account to all orders in αZ. The higher-order corrections are treated within the Breit approximation using the large-scale configuration interaction (CI) method and the recursive perturbation theory (PT). The developed method is suitable for both single and (quasi-)degenerate levels. In comparison with Ref. [42] , the calculations are extended to high-Z ions including heliumlike uranium. An important feature of the present study is the systematic estimation of uncertainties of the obtained results. The evaluated interelectronic-interaction contributions to the binding energies are compared with the previous calculations. Our results are in agreement with those, but have much higher accuracy. In addition, the calculations of the electron-electron correlation effects are supplemented with the evaluation of the one-electron and screened QED corrections as well as nuclear recoil and nuclear polarization contributions. This allows us to extend ab initio QED calculations of the n = 1 and n = 2 energy levels performed in Ref. [42] to high-Z region. The results obtained for the ionization and transition energies are compared with the previous evaluation by Artemyev et al. [32] and the experimental data [12, 13] .
The paper is organized as follows. In Section II A, we describe our ab initio QED approach to evaluate the first-and second-order interelectronic-interaction effects in highly charged ions.
Section II B is devoted to the description of two independent methods (CI and PT) to treat the higher-order correlation contributions within the Breit approximation. In Section III A, the numerical results for the electron-electron interaction contributions to the n = 1 and n = 2 energy levels in He-like ions are presented, and the comparison with the previous theoretical calculations is given. In Section III B, the QED calculations of the ionization and transition energies in high-Z heliumlike ions are performed. The relativistic units ( = 1, c = 1) and the Heaviside charge unit (α = e 2 /4π, e < 0) are used throughout the paper.
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II. METHODS OF CALCULATIONS A. QED formalism
The two-time Green's function (TTGF) method [58] represents a convenient approach to construct the QED perturbation theory for energy levels in highly charged ions. The natural zerothorder approximation for the corresponding perturbation series is provided by the Furry picture [59] with the unperturbed many-electron relativistic wave functions defined in the jj coupling. In case of two-electron ions, these functions read as
where A N is the normalization factor equal to 1/ √ 2 for non-equivalent electrons and 1/2 for equivalent electrons, j i 1 and j i 2 are the one-electron angular momenta, m i 1 and m i 2 are their projections, J is the total angular moment, M J is its projection,
Clebsch-Gordan coefficients, P is the permutation operator
and |i 1 i 2 is the product of one-electron wave functions ϕ i 1 (x 1 ) and ϕ i 2 (x 2 ) obtained from the
In Eq. (2), α and β are the Dirac matrices, p is the momentum operator, and V nucl is the potential of the nucleus. Therefore, in the Furry picture the electron-nucleus interaction is taken into account to all orders in αZ from the very beginning. The interaction with the quantized electromagnetic field and the interelectronic interaction are considered by the perturbation theory in the parameters α and 1/Z, respectively [58, [60] [61] [62] [63] [64] . We note that for very heavy ions the parameters α and 1/Z become comparable in magnitude, therefore, all the contributions can be classified by the powers of α.
The TTGF method allows one to derive the formal expressions for the QED corrections for both single and (quasi-)degenerate states. In case of a single level, for each QED effect the TTGF method assigns some contribution which has to be included into the total binding energy of the considered state additively. This approach works well for the single states such as (1s 1s) 0 , (1s 2s) 0 , (1s 2s) 1 , (1s 2p 1/2 ) 0 , and (1s 2p 3/2 ) 2 . However, evaluating the energies for the n = 2 states in heliumlike ions, along with the single levels listed above, one encounters also the quasi-degenerate levels (1s 2p 1/2 ) 1 and (1s 2p 3/2 ) 1 which are split only by the relativistic effects. The energies of a set of s (quasi-)degenerate states can be determined by diagonalizing the s × s matrix H (in the case under consideration s = 2). This matrix plays the role of the Hamiltonian acting in the subspace of the unperturbed (quasi-)degenerate states. It is constructed by the perturbation theory in α and 1/Z and has to include all the relevant contributions. Note, that a single level can be considered as a particular case of the set of degenerate levels with s = 1.
Let us formulate briefly the basic ideas how to construct within the TTGF method the matrix H for a set of s (quasi-)degenerate levels with unperturbed energies E
1 , . . . , E
s . As usual, we assume that the energy shifts of the levels under consideration are much smaller than the distance to other levels. For generality, we consider a N-electron ion, while for heliumlike ions N = 2. The detailed description of the method can be found, e.g., in Refs. [58, 65, 66] . The fundamental object of the method is the two-time Green's function defined as
where ψ is the electron-positron field operator in the Heisenberg representation,ψ = ψ † γ 0 , x = (x 0 , x), and T is the time-ordering operator. The perturbation theory for the two-time Green's function G is formulated by means of the transition to the interaction picture. For the subsequent derivation, it is convenient to define the Fourier transform of the two-time Green's function (3) by
The unperturbed wave functions {u j } s j=1 of the (quasi-)degenerate levels form the s-dimensional subspace Ω. Denoting the projector on Ω by
one can introduce the projection of the Green's function (4) on Ω as follows
where the spatial coordinates are omitted for brevity and the integration is implicit. Employing the Green's function (6) one can determine the operatorsK andP by the expressionŝ (a) (b)
The two-electron diagrams of the two-photon exchange.
The anticlockwise oriented contour Γ in the complex E plane surrounds all s levels under consideration and keeps outside all other singularities of g(E). It can be shown (see Ref. [58] for the detailed derivation) that the system of the (quasi-)degenerate levels is described by the operatorĤ defined asĤ
The perturbation theory for the Green's function (3) leads to the perturbation series for the operatorĤ. The exact energies E 1 , . . . , E s of the states arising from the (quasi-)degenerate levels with energies E
s can be found from the equation
where H is the s × s matrix with elements determined by H ik = u i |Ĥ|u k .
To date, state-of-the-art QED calculations of the energy levels in highly charged ions comprise all contributions up to the second order in α and 1/Z. The present study is devoted to the evaluation of the correlation effects. For convenience, we collect here the final expressions for the 6 first-and second-order contributions due to the interelectronic-interaction effects which can be derived within the TTGF method. The corresponding Feynman diagrams for heliumlike ions are depicted in Figs. 1 and 2 , respectively. A double line represents the electron propagator in the field of the nucleus, while a wavy line corresponds to the photon propagator. These diagrams do not contain any self-energy or vacuum-polarization loop and arise naturally in the QED as well as non-QED approaches (the contribution of the diagram in Fig. 2(b) vanishes identically in the latter case). We present the formulas for the quasi-degenerate states only, but their reduction to the single-level case is straightforward.
In the jj-coupling scheme, the n = 2 quasi-degenerate energy levels in He-like ions can be written as |u 1 = | (1s 2p 1/2 ) 1 and |u 2 = | (1s 2p 3/2 ) 1 . In what follows, the indices i and k enumerate these states (we remind that now s = 2 and i, k = 1, 2). In particular, the unperturbed
are given by the sum of the one-electron Dirac energies (2),
Within the zeroth-order approximation, the Green's function (6) is
Therefore, one readily obtains for the zeroth-order contribution to the 2 × 2 matrix H,
The derivation of the correction corresponding to the one-photon exchange diagram in Fig. 1 also does not pose any difficulties. The contribution of the interelectronic-interaction effects of first order in 1/Z to the matrix H can be represented by the expression
where
and, for brevity, we use the following notation
for the summation over the angular momentum projections with the Clebsch-Gordan coefficients.
For the quasi-degenerate levels, the derivation of the formal expressions for the two-photon exchange diagrams depicted in Fig. 2 is a very complicated problem. As compared to the singlelevel case, the rigorous formulas obtained within the TTGF method for the off-diagonal elements of the matrix H contain additional terms with double integration over the energy parameters instead of the standard single integration for the diagonal elements and the single levels. This makes the direct evaluation of the second-order QED corrections for the quasi-degenerate states rather difficult and time-consuming. However, in Ref. [58] it was noticed that these extra terms contribute at the level of the higher-order QED corrections. Our consideration of the QED effects is restricted to the first and second orders of the perturbation theory. Therefore, these terms are neglected within the present calculations.
Further simplification of the calculation formulas for the off-diagonal matrix elements which was suggested in Ref. [32] is associated with the replacement of the zeroth-order energies E (0) i and
with their average valueĒ
For diagonal i = k matrix elements, this transformation is identical and does not change the expressions. Similar to the extra integrals, a small variation of the off-diagonal elements introduced by this replacement can be disregarded as belonging to the higher-order QED effects, see also the discussion below. It is essential that the replacement introduced is symmetric with respect to the energies of both quasi-degenerate states.
For example, the non-symmetric transformations E (0)
would change the values of the off-diagonal matrix elements significantly.
Keeping this in mind, after rather tedious derivation one can obtain the calculation formulas for the second-order QED corrections due to the correlation effects in case of the quasi-degenerate states. The contribution of the diagram shown in Fig. 2(a) , which is referred to as the ladder ("ld") diagram, is divided naturally into the reducible ("red") and irreducible ("irr") parts. The reducible term is determined by the conditions that the intermediate states |n 1 n 2 belong to the Ω subspace, whereas the irreducible term corresponds to the remainder. The final expressions for the irreducible and reducible parts of the ladder contribution read as follows
The diagram in Fig. 2 (b) is termed as the crossed ("cr") diagram. For its contribution we obtain the following formula
The formulas (16) and (17) for the irreducible and reducible parts of the ladder term and the expression (18) for the crossed term differ from the ones presented in Ref. [32] . The final expressions corresponding to the diagrams in Fig. 2 have to be symmetric relative to the permutation of the electron lines, i.e., the transformation i 1 ↔ i 2 , k 1 ↔ k 2 , n 1 ↔ n 2 has to leave the total contribution to the matrix H unchanged. In Ref. [32] the symmetrization of the given expressions was implied, while in the present work the explicitly symmetric formulas are shown.
Finally, in order to complete the discussion of the second-order QED corrections due to the interelectronic-interaction effects, it is worth noting that an additional minor modification for the off-diagonal elements of the matrix H has been introduced in the present study compared to
Ref. [32] . This modification influences the final result actually only in case of quasi-degenerate levels
2 . As is known, the formula for the second order of the many-body perturbation theory (MBPT) can be obtained from the general second-order QED expression if one neglects the energy dependence of the photon propagator in the Coulomb gauge and restricts the summation over the intermediate electron states to the positive-energy part of the Dirac spectrum. Then, the ω-integration can be carried out analytically employing Cauchy's residue theorem. Within this approximation, the contributions of the reducible (17) and crossed (18) terms vanish, while the irreducible part of the ladder diagram (16) leads to the expressioñ
9 where E (0) n = ε n 1 + ε n 2 and the prime on the sum indicates that the terms with E (0)
have to be omitted in the summation. The formula (19) 
k differs slightly from the standard MBPT expression, which can be derived from the irreducible contribution without the
Once again, we stress that the Coulomb gauge is implied for the photon propagator in Eqs. (19) and (20) . Defining in a self-consistent way the "pure" QED correction to the matrix H by
is the sum of Eqs. (16), (17) , and (18), it is natural to consider the expression
as the final second-order contribution to the matrix H. In contrast to Eq. (22), the expression (23) leads to the standard formula for the second-order contribution within the Breit approximation. This modification distinguishes the present consideration of the second-order interelectronicinteraction effects from the calculations performed in Ref. [32] .
B. Higher-order correlation effects
High-precision calculations of energy levels in few-electron ions have to take into account also the higher-order correlation effects at least within the lowest-order relativistic approximation. In
Ref. [32] , the interelectronic-interaction contributions due to the exchange by three or more photons were included by employing the results of the 1/Z expansions performed within the LS-coupling scheme. The corresponding coefficients for nonrelativistic energies were taken from Refs. [67, 68] , while for the relativistic Breit-Pauli correction the results from Ref. [43] were used. In case of the quasi-degenerate levels (1s 2p 1/2 ) 1 and (1s 2p 3/2 ) 1 , the jj-LS recoupling matrix R, defined according to
was employed to obtain the contribution of the higher-order correlation effects to the matrix H in the jj coupling (see the discussion in Refs. [32, 43] ). The matrix R relates the wave functions constructed in two different couplings within the nonrelativistic approximation. Nevertheless, it is highly desirable to have a kind of self-consistent procedure for consideration of the correlation effects which treats all orders of the perturbation theory within the relativistic approach on equal footing. Additional motivation for developing an alternative procedure is that the method employed in Ref. [32] does not allow for the calculations within the extended Furry picture. The In the present work we employ two independent methods in order to evaluate the higher-order correlation effects. Both methods use the Dirac-Coulomb-Breit (DCB) Hamiltonian to treat the interelectronic interaction,
where r ij = r i − r j , r ij = |r ij |, and V C and V B are the Coulomb and Breit parts of the electronelectron interaction operator within the Breit approximation. One can note that V (24) to case of the extended Furry picture is discussed in details, e.g., in Ref. [80] . The key point for merging the ab initio QED results with the higher-order interelectronic-interaction contributions is that the projectors Λ The first approach employed in the present work for calculations of the higher-order correlation effects is the large-scale configuration interaction (CI) method in the basis of the Dirac-Sturm (DS) orbitals [81, 82] . In case of single levels, the procedure to extract the desired third-and higher-order contributions from the total CI results is well known. In order to subtract the zeroth-, first-, and second-order terms, one can calculate them within the Breit approximation by the perturbation theory using the same basis set. Alternatively, the corresponding terms can be obtained by evaluating the derivatives of the CI energies with respect to the factor artificially introduced before the interaction term V int in the DCB Hamiltonian (see the details, e.g., in
Refs. [25, 31] ).
In order to obtain the contribution of the higher-order correlation effects to the matrix H for the set of s (quasi-)degenerate levels within the CI approach, we have developed the following procedure which was applied first in Ref. [42] . The CI method allows one to calculate the energies E 
where the projector P (0) is defined in Eq. (5) and the term Ξ includes the remaining part of the many-electron CI spectrum. The CI versions of the operators (7) and (8) can be determined bŷ
where the contour Γ surrounds all the poles corresponding to the CI energies E CI 1 , . . . , E CI s and keeps outside all the other singularities arising from the term Ξ. Substituting g CI (E) from Eq. (28) into Eqs. (29) and (30) we obtain the following s × s matrices
Finally, the matrix H can be constructed from the matrices (31) and (32) according to Eq. (9).
The described method allows one to take into account the interelectronic-interaction effects to all orders in 1/Z. The low-order terms can be subtracted using the PT calculations performed within the Breit approximation with the same basis set. For two-electron ions, the zeroth-and secondorder contributions to the matrix H within the Breit approximation are presented in Eqs. (13) and (20), respectively. The first-order term is given by Eq. (14) considered in the Coulomb gauge with ∆ 1,2 replaced with zero.
The second method employed is based on the perturbation theory in the basis of Slater determinants. The latter are constructed from the one-electron wave functions of the finite basis set, which is exactly the same as the one used for the QED calculations. In order to access arbitrary high orders of PT we employ the recursive formulation. This approach first implemented in
Ref. [83] was used in the calculations of the higher-order interelectronic-interaction contributions to the energies of boronlike ions [31, 84] . Extended to the case of multiple perturbations, it has been applied recently to the Zeeman splitting in lithiumlike and boronlike ions [85] [86] [87] , including the nuclear recoil effect [75, 88, 89] . In the form presented in Ref. [83] , it has a limitation that the reference state in the zeroth-order approximation must be represented exactly by one Slater determinant. For the case of excited states in heliumlike ions it has been trivially generalized to deal with the many-determinant reference states. This generalization is closely connected to the non-trivial construction of the PT for the (quasi-)degenerate states. Since pioneering works by
Kato [90] and Bloch [91] considerable effort has been devoted to development of the general PT expressions for the cases of degenerate and quasi-degenerate states (see, e.g., [92] [93] [94] and references therein). The compact recursive algorithm for derivation of these expressions has been proposed recently by Brouder and coauthors [95] . Within the recursive scheme, the p-th order contributions to the energies and wave functions of the reference state(s) are constructed from the lower-order contributions, from zeroth to (p − 1)-th [83] . For the (quasi-)degenerate states the corresponding expression can be written for the matrix element H Ref. [95] . While the complete set of formulas cannot be written in a compact form, we illustrate the PT for the (quasi-)degenerate states by the closed formula for the third-order contribution,
Here, |Ψ 
Second permutation operator Q is introduced here, and all other notations have been defined before. We note that, in contrast to the CI method, the recursive PT provides direct access to the required contributions, specifically, to the third and higher orders in the present case. No subtraction of the leading-order terms is needed, which is advantageous from the numerical point of view.
III. NUMERICAL RESULTS AND DISCUSSION
A. Electron-electron correlation effects in He-like ions
In this section, we present the results of the calculations of the correlation effects in heliumlike ions. For the single (1s 1s) 0 , (1s 2s) 0 , (1s 2s) 1 , (1s 2p 1/2 ) 0 , and (1s 2p 3/2 ) 2 states, the interelectronicinteraction contributions to the binding energies are evaluated. For the pair of quasi-degenerate levels (1s 2p 1/2 ) 1 and (1s 2p 3/2 ) 1 , the corresponding contributions to the 2×2 matrix H are obtained.
In what follows, when we refer to the mixing configurations, (1s 2p 1/2 ) 1 and (1s 2p 3/2 ) 1 stand for the diagonal contributions while "off-diag." denotes the contributions to the off-diagonal matrix elements. In the calculations, the Fermi model with the thickness parameter equal to 2.3 fm is employed in order to describe the nuclear charge distribution. The root-mean-square (rms) radii are taken from Ref. [96] . The CODATA 2014 recommended values of the fundamental constants [97] are used: α −1 = 137.035 999 139(31) and mc 2 = 0.510 998 9461(31) MeV.
We start with the results obtained within the rigorous QED approach. The electron-correlation contributions corresponding to the two-photon exchange diagrams depicted in Fig. 2 are presented for the single and quasi-degenerate states in Tables I and II , respectively. The QED calculations of the second-order interelectronic-interaction effects for the n = 1 and n = 2 levels in heliumlike ions are based on Eqs. (16)- (18) . The summation over the intermediate electronic states is performed by using the finite-basis set which is constructed from B-splines [98] within the framework of the dual-kinetic-balance method [99] . The integration over ω is carried out numerically after applying Wick's rotation. The uncertainties indicated in the parentheses are due to the numerical computation errors. The off-diagonal matrix elements evaluated according to Eqs. (22) and (23) are shown in the fourth and fifth columns of Table II , respectively. One can see that the discrepancy between the results tends to zero with decreasing the nuclear charge number Z. On the other side, the difference becomes noticeable for high-Z heliumlike ions. As mentioned in Sec. II A, the deviation between Eqs. (22) and (23) is at the level of the higher-order QED effects which are beyond the scope of the present study. Indeed, this difference turns to be well within our estimation of the uncertainty due to the uncalculated QED contributions of the third and higher orders in 1/Z (see the discussion below).
For the single states, the two-photon exchange diagrams represent the gauge invariant set.
However, this is not the case for the mixing (1s2p) 1 levels. The individual contributions to the matrix H of a particular order in 1/Z may vary from gauge to gauge. Only the eigenvalues of the complete matrix H evaluated to all orders in α and 1/Z are gauge invariant. In the present study, we are interested in merging the QED results with the higher-order contributions obtained within the Breit approximation. As noted above, the latter calculations are based on the DCB Hamiltonian (24) which, in turn, is naturally related to the Coulomb gauge [65] . For this reason, the second-order interelectronic-interaction contributions to the matrix H presented in Table II were obtained by operating in the Coulomb gauge. However, as a check of the numerical procedure, we repeated the calculations of the two-photon exchange for all the states in the Feynman gauge as well. For the single levels, the results in both gauges were found in excellent agreement with each other. For the mixing configurations, the difference between the second-order contributions calculated in the Coulomb and Feynman gauges lies within the uncertainties specified in Table II. For low-Z ions, the difference is negligible. It increases with Z and, for heliumlike uranium, its absolute value reaches approximately 0.14 meV and 0.02 meV for the diagonal and off-diagonal matrix elements, respectively.
In Tables I and II , our results for the two-photon exchange correction for the n = 1 and n = 2 states in heliumlike ions are compared with the previous QED calculations [32, 51, [53] [54] [55] [56] [57] . It is seen that the obtained results are generally in agreement with the values available in the literature but have higher accuracy. As indicated in Ref. [42] , a small discrepancy with the results presented in Ref. [32] takes place for the J = 0 states, namely, for (1s 1s) 0 , (1s 2s) 0 , and (1s 2p 1/2 ) 0 . It is most pronounced for the ground state. The reason for the discrepancy is probably in the underestimation of the uncertainty of the calculations performed in Ref. [32] .
The second key point of the present calculations is the evaluation of the third-and higher-order correlation effects within the Breit approximation. As a benchmark, we consider the approach which was employed in Refs. [32, 43] . This approach is based on the 1/Z expansions of the nonrelativistic energies and the Breit-Pauli correction. In order to evaluate the desired contribution in the framework of this method, we used the 1/Z-expansion coefficients tabulated in Ref. [100] .
Since the off-diagonal matrix element of the Breit-Pauli Hamiltonian between the | 1s2p 3 P 1 and | 1s2p 1 P 1 states cannot be unambiguously identified from Ref. Tables III   and IV . For each ion, the first line contains the zeroth-order approximation E
Dirac arising from the Dirac equation (2), that is the sum of the Dirac energies with the rest masses subtracted. The interelectronic-interaction contributions of the first, second, and higher orders evaluated within the Breit approximation are given in the rows E QED due to uncalculated QED contributions to the higher-order interelectronic-interaction effects is conservatively estimated as
Breit . This uncertainty calculated for the ground state is used for all the other states also in order to avoid an underestimation due to anomalously small values of the E (3+) Breit contribution for some states and ions. As can be seen, the estimation employed covers the difference between the calculations of the second-order contribution for the off-diagonal matrix element by Eqs. (22) and (23) . The total interelectronic-interaction correction to the binding energies of the single states and to the matrix H for the quasi-degenerate states is shown in line labeled as E int . The last line represents the sum of the zeroth-order contribution and the total interelectronic-interaction correction, E tot = E (0)
Dirac + E int . The uncertainties of the Dirac and the first-order values are determined by the nuclear size effect. It is conservatively estimated by adding quadratically two terms. The first one is obtained by varying the rms nuclear radius within its error bar. The second one estimates conservatively the uncertainty of the nuclear charge distribution by varying the distribution model from the Fermi model to the homogeneously charged sphere model. The uncertainty of the Dirac energies can be reduced if one takes into account the nuclear deformation correction, e.g., according to Ref. [101] . The uncertainties of the other contributions are due to the numerical errors. They are determined by analyzing the convergence of the results with increasing the basis. The uncertainty of the total values is obtained by summing quadratically the uncertainty due to the nuclear size effect, the numerical uncertainty, and the uncertainty due to uncalculated higher-order QED contributions. In Tables III and IV, our theoretical predictions for the total interelectronic-interaction correction in heliumlike uranium are compared with the ones obtained in Ref. [32] . The results of Ref. [32] have been reevaluated using the new value of the rms radius [96] . One can see that there is a small discrepancy between the results which is due to the two-photon exchange and higher-order correlation contributions.
B. QED calculations of the ionization and transition energies in He-like ions
In Ref. [42] , we performed the QED evaluation of the four transitions from the L to K shell in middle-Z heliumlike ions. In the present study, we extend these calculations to high-Z ions. In order to complete the rigorous QED treatment in first and second orders, one has to consider the one-electron and screened QED graphs in addition to the one-and two-photon exchange Feynman diagrams shown in Figs. 1 and 2 . The two-loop one-electron corrections are accounted for by employing the results from Ref. [22] . The contributions of the one-loop one-electron and screened QED diagrams depicted in Figs. 3 and 4 , respectively, are evaluated in the present work. As noted in Section II B, the QED calculations of the energy levels can be performed with another choice of the zeroth-order approximation by including the local screening potential into the Dirac equation (2) . The calculations of the second-order two-electron QED contributions within this approach enable more accurate estimation of the higher-order QED corrections, which finally leads to the more precise evaluation of the energy levels in highly charged ions. In the previous section, we restricted our consideration of the correlation effects by the Coulomb potential in order to demonstrate the methods developed and compare the results obtained with the previous calculations. Nevertheless, all the methods described can readily be adopted to operate within the extended Furry picture. As in Ref. [42] , we perform the calculations of the energy levels in high-Z heliumlike ions starting from the Coulomb potential as well as by adding two different types of the screening potential into the zeroth-order approximation. We use the core-Hartree (CH) and local Dirac-Fock (LDF) screening potentials to modify the zeroth-order Hamiltonian h D (see, e.g.,
Refs. [31, 76, 102] for the construction procedures and applications of these potentials). When applying the extended version of the Furry picture, one has to complement the diagrams shown in
Figs. 1-4 with the counterterm diagrams in order to avoid double counting of the screening effects.
The nuclear recoil effect on the binding energies of heliumlike ions is accounted for in the present work in accordance with the scheme described in details in Ref. [103] . We take into account also the nuclear polarization correction arising from the electron-nucleus interactions which include the excited intermediate nuclear states [22, [104] [105] [106] [107] .
The individual contributions to the binding energies of heliumlike uranium evaluated for the LDF, CH, and Coulomb potentials are shown in Table V. As in Tables III and IV, 
QED , where j = 1, 2. The higher-order correlation contribution evaluated within the Breit approximation is given by E (3+)
Breit . The one-electron and screened QED corrections are shown in columns E 1el QED and E 2el ScrQED , respectively. The contribution of the nuclear recoil effect is presented in the column labeled with E rec . Finally, the sum of all the given contributions is shown in the last column. In Table V , the effects of the nuclear deformation and nuclear polarization are omitted. In case of the Coulomb potential, two total values are presented. Following the scheme described in Ref. [32] , the second total value for the Coulomb potential is obtained by adding the higher-order QED correction E ho QED evaluated according to Ref. [43] . One can see that for uranium ion the inclusion of the E ho QED correction increases the discrepancy between the Coulomb results and the data obtained for the screening potentials in some cases (see the related discussion in Ref. [42] ).
From Table V it is seen that the individual terms may vary from potential to potential, whereas the total values of the binding energies obtained starting from the different initial approxima-tion are in good agreement with each other. In this aspect, it is of interest to return once again to the discussion of the correlation effects. As noted, e.g., in Ref. [80] , the arbitrariness in the realization of the projector Λ (+) in the DCB Hamiltonian (24) leads to some ambiguity in the Breit-approximation results, and this ambiguity could be fully eliminated only within the rigorous QED approach. In our case, we define the projector Λ (+) with respect to the one-electron Dirac
Hamiltonian h D which provides the zeroth-order approximation for the perturbation series. Therefore, the definition of the projector changes if we add one or the other screening potential. In the upper half of Table VI labeled with "DCB", we present the binding energies of the ground and n = 2 single states in He-like uranium evaluated within the Breit approximation for the LDF, CH, and Coulomb potentials. In the lower "DCB+QED" part, the DCB energies supplemented with the one-and two-photon exchange corrections are given. In Table V Table V , we take into account the nuclear polarization contribution. For uranium ion, we account for the nuclear deformation correction for the Dirac energies evaluated for the Coulomb potential. In Table VII , we present our theoretical predictions for the ionization energies for the n = 1 and n = 2 states in He-like iron, xenon, and uranium. The ionization energies are obtained by subtracting the binding energies of the states under consideration from the binding energy of the 1s state. The results for iron are based on the calculations performed in Ref. [42] and presented here for the completeness. The theoretical uncertainties given in parentheses are estimated by summing quadratically the uncertainty due to the nuclear size effect, the numerical error of the calculations, and the uncertainty due to the uncalculated QED contributions of the higher orders. As in Ref. [42] , the uncertainty associated with the uncalculated higher-order screened QED effects is estimated in several ways. First, we study the scatter of the final results obtained for the different initial approximations. For the excited states, the maximum of the scatter for the corresponding level and the scatter for the ground state divided by the factor of 4 is taken. Second, in order to estimate the screening of the two-loop one-electron contributions by the interelectronic interaction we take the corresponding term for the 1s state multiplied by the factor 2/Z. We have estimated the higher-order screened QED corrections by means of the model QED approach [108] [109] [110] as well. These estimations are found to be within the uncertainties obtained. In Table VII , our theoretical predictions for the ionization energies are compared with the results obtained by Artemyev et al. [32] . One can see
that the values presented are in agreement with each other. For high-Z ions, our results have higher accuracy. On the other side, for middle-Z He-like ions our uncertainties are evaluated in a more conservative way than in Ref. [32] .
Finally, in Table VIII we present the transition energies in He-like iron, xenon, and uranium.
The transition energies were obtained as the differences of the corresponding ionization energies.
Our theoretical predictions are compared with the ones obtained in Ref. [32] . It is seen that the values of the transition energies are in agreement with each other. For He-like uranium, our results have a higher accuracy. The theoretical predictions for the 1s2p 3 P 2 → 1s2s 3 S 1 transition energy in He-like uranium are in good agreement with the experimental value by Trassinelli et al. [12] .
As one can see from the table, the theory for high-Z heliumlike ions is by one order of magnitude more accurate than the experimental value available to date.
IV. SUMMARY
To summarize, we have performed ab initio QED calculations of the interelectronic-interaction corrections for the n = 1 and n = 2 states (including the quasi-degenerate states) in heliumlike In addition, we have performed rigorous QED calculations of the ionization and transition energies in high-Z heliumlike ion with the most advanced methods available to date. All two-electron QED corrections up to the second order are taken into account within the extended Furry picture. The nuclear recoil and nuclear polarization effects are considered as well. We have thoroughly estimated all possible sources for theoretical uncertainties. As a result, the most precise theoretical predictions for energy levels in high-Z He-like ions are obtained. In future, we plan to apply the developed approaches for QED calculations of the binding and ionization energies of the low-lying excited states in berylliumlike ions which are of current experimental interest [15] .
V. ACKNOWLEDGMENTS
This work was supported by the Russian Science Foundation (Grant No. 17-12-01097). off-diag. Artemyev et al. [32] . The results of Ref. [32] are reevaluated using the CODATA 2014 recommended values of the fundamental constants [97] and corrected for the updated value of the uranium root-mean-square nuclear radius from Ref. [96] . 
